ABSTRACT. We show that for generic Riemannian metrics on a closed spin manifold of dimension three the Dirac operator has only simple eigenvalues.
INTRODUCTION
The spectrum of the Dirac operator has been explicitly computed for quite a few compact spin manifolds, for example spherical space forms, flat manifolds, spheres with Berger metrics, see [8, 7, 2, 3, 12] . These examples exhibit high multiplicities of the eigenvalues, coming from the high degree of symmetry of the spaces, a phenomenon one would not expect for general Riemannian manifolds. The purpose of this note is to prove the following theorem.
Theorem 1.1. For a generic metric on a compact spin three-manifold the Dirac operator has only simple eigenvalues.
The Dirac operator D (or D g to show its dependence on the Riemannian metric) is a first order elliptic operator acting on sections of the spinor bundle ΣM = Spin(M, g)× ρ Σ. It is formally self-adjoint and on a compact manifold it has discrete real spectrum. Here Spin(M, g) → SO(M, g) is a spin structure on M and ρ : Spin(n) → End(Σ), Σ = C 2 [n/2] , is the spinor representation. In dimensions n ≡ 3, 4, 5 mod 8 the spinor representation is quaternionic; there is an R-linear endomorphism J of Σ with J 2 = −1, Ji = −iJ, which commutes with the action of Spin(n). In particular in three dimensions the spinor bundle is a quaternionic line bundle and the eigenspaces E λ of D are quaternionic vectorspaces. So in three dimensions an eigenvalue λ is simple if the quaternionic dimension dim H E λ = 1. For the details of the constructions of spin geometry here omitted see [10] .
For a compact spin manifold M denote by R(M ) the space of Riemannian metrics on M equipped with the C 1 -topology. Denote by S(M ) the subset consisting of Riemannian metrics for which all eigenvalues of the Dirac operator are simple. Recall that a subset of a topological space is called residual if it contains a countable intersection of open and dense sets. The precise theorem we will prove is the following. It is reasonable to conjecture that the conclusion of Theorem 1.2 holds in any dimension. The restriction to dimension three comes from using the simple approach of making conformal variations of the metric. Perhaps the techniques of [4, 11] can be used to extend the result to higher dimensions. Remark 1.3.
1. The proof will show that in each conformal class the set of metrics for which all non-zero eigenvalues are simple is residual. 2. The proof will also show that in any dimension the set of metrics for which dim E λ ≤ rank ΣM for all non-zero λ is residual. Only in dimension three is rank ΣM = 1.
CONFORMAL DEFORMATIONS AND DIRAC EIGENVALUES
Let M be an n-dimensional manifold with a Riemannian metric g and let f be a function on M . We are going to study the deformation of g given by g t = e 2tf g, where t is a real parameter.
There is an isomorphism γ tf :
Composition with γ tf gives that the spin structure Spin(M, g) → SO(M, g) for g works as a spin structure also for g t ,
and the associated spinor bundle ΣM = Spin(M, g) × ρ Σ is independent of t and f . Let D t denote the Dirac operator acting on sections of ΣM defined using the metric
where the Clifford multiplication by the gradient of f is defined using the metric g, see for instance section 3.2.4. in [5] . Define the Hilbert space L 2 (ΣM, g t ) as the completion of the smooth sections of ΣM with respect to the inner product
The proof of the following theorem is analogous to that of Theorem A.3 of [1] , see also [9] and [6] . 
Remark 2.2. If the spinor representation is quaternionic dim C can be replaced by dim H , in which case "orthonormal" should be interpreted as
Suppose that t → (λ t , ϕ t ) is a one-parameter family of eigenspinors as given by Theorem 2.1, D t ϕ t = λ t ϕ t and ϕ t g t = 1 for small t. Then
where the last equality follows since the second term is purely imaginary. Set λ = λ 0 , ϕ = ϕ 0 and denote by prime the derivative with respect to t at t = 0. We have
and differentiating ϕ t 2 g t = 1 at t = 0 we get
which together give Proof. For each conformal deformation g t = e 2tf g Theorem 2.1 provides real analytic parametrizations λ t 1 , . . . , λ t p of eigenvalues such that λ 0 i = λ, i = 1, . . . , p. If for some f , i and j we have λ t i = λ t j for all t = 0 we are done. Assume for a contradiction that this is not the case, but instead that λ t i is independent of i, t and f . Then for a given f we can replace the eigenspinors ϕ t i from Theorem 2.1 by eigenspinors
where U ij is a (constant) unitary matrix, which have the same properties. We may thus assume that ϕ 0 1 and ϕ 0 2 are the same for all conformal deformations.
For fixed f and p, q = 0, 1 let
Since by assumption this holds for all f and α 0 p,q and β 0 p,q are indedependent of f we conclude that |α 0 p,q | 2 = |β 0 p,q | 2 at each point. It follows that |ϕ
so Re ϕ 0 1 , i p J q ϕ 0 2 = 0 for p, q = 0, 1, and thus ϕ 0 1 , ϕ 0 2 = ϕ 0 1 , Jϕ 0 2 = 0 at each point. Since rank H ΣM = 1 one of ϕ 0 1 and ϕ 0 2 has to vanish on an open set, and by unique continuation vanish identically. This is a contradiction which proves the lemma.
Enumerate the non-zero eigenvalues of D g as We prove that the S k (M ) are dense by induction, for k = 1 there is nothing to prove. Assume that S k (M ) is dense in R(M ) and let U be an open set in R(M ). We need to show that U ∩ S k+1 (M ) is non-empty. By assumption we can find a metric g ∈ U ∩ S k (M ). Consider first the positive eigenvalues of D g . The first k are distinct, denote the multiplicity of λ k by p so that
If p = 1 we are done with the first step, so assume p > 1. Then by Lemma 3.1 there is a conformal deformation which decreases the multiplicity of λ k . By choosing the deformation parameter t small enough we can guarantee to get a metric in U ∩ S k (M ) for which dim H E λ k < p. Repeating this process we end up with a metricĝ ∈ U ∩ S k (M ) for which λ k has multiplicity 1.
The second step is to go through the same procedure with the negative eigenvalues of Dĝ. When we do this we get a metricǧ in U ∩ S k (M ) for which both λ k and λ −k have multiplicity 1. The metricǧ is thus in U ∩ S k+1 (M ) and we have proved that S k+1 (M ) is dense in R(M ).
Proof of Theorem 1.2. Let S 0 (M ) denote the set of metrics on M for which ker D = 0. Then S(M ) contains the intersection ∩ ∞ i=0 S i (M ). By Theorem 1.2 in [11] we know that S 0 (M ) is open and dense in R(M ) and together with Proposition 3.2 we conclude that ∩ ∞ i=0 S i (M ) is a residual set.
Proof of Remark 1.3. We know from Lemma 3.1 that we can split multiple eigenvalues within a conformal class. It follows that the intersection of S k (M ) with a given conformal class is open and dense in the conformal class. This proves the first statement. For the second statement note that with the assumption dim E λ > rank ΣM the conclusion of Lemma 3.1 holds in any dimension.
